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Let G be a finite group. To each permutation representation (G, A’) of G 
and each class function x of G we associate a “generalized cycle index” 
P(G, X; x) E k[x, ,...> x,], where k is the field of the complex numbers and m 
is the number of elements in the finite set X. If  the representation (G, X) is 
faithful and x is the trivial character 1~ of G, P(G, X; 1~) is the usual cycle 
index of combinatorial mathematics. We prove that, if x is a generalized character 
of G, the coefficients of P(G, X; x) are rational numbers and the substitution 
3~~ + Cjliixj transforms the polynomial P(G, A’; x) into a numerical polynomial. 
This generalizes Theorem 1.1 of [8] from the trivial character lG to all generalized 
characters. We apply the theory to de Bruijn’s theory of counting [3] and show 
that the class function which dominates [3] is actually a generalized character 
of G. We finish by showing how the theory of the generalized cycle index 
P(G, X; x) gives the powerful theorem of Frobenius, which states that every 
simple character of the symmetric group is an integral linear combination of 
transitive permutation characters. 
INTRODUCTION 
G stands for a finite group with unit element 1, and X for a finite set 
with nl 3 1 elements. We are given a permutation representation (G, x) 
of G, meaning that a left action of G on X has been defined, satisfying: 
(1) oxEXforaEGandxEX; 
(2) (UT) x = IJ(KK) for (J, 7 E G and x E X; 
(3) lx = xforxEX. 
The representation (G, X) need not be faithful, that is, there may be 
elements of G, besides 1, which fix every element of X. To each (T E G, a 
monomial M(a) = x3 ... x2 E k[x, ,..., x,] is associated, where k is 
the field of the complex numbers and where (b, ,..., b,) is the type of a; 
this means that the permutation of X to which u gives rise has bi cycles 
of length i for i = l,..., m. The absolute value sign I / around a set denotes 




146 RUDVALIS AND SNAPPER 
the number of elements in that set; for instance, 1 X 1 = m and / G 1 is 
the order G. 
Let x : G + k be a class function of G, i.e., x is constant on the 
classes of conjugate elements of G. It is the purpose of this paper to 
investigate the polynomial 
P(G, Xi x> = & oL x(4 M(a) E kb, ,.... 4. 
We denote the number of classes of conjugate elements of G by s, 
and hence the class functions of G form an s-dimensional vectorspace over 
k which we denote by SZ(G). We use the customary terminology of group 
theory to describe the various types of class functions. If x is the trace 
function of a linear representation of G, x is called a character or a proper 
character of G [7, p. 4571. All linear representations are over the complex 
numbers and are finite dimensional. If x is a character of G whose represen- 
tation space is simple, x is called a simpZe character [7, p. 4571. (Most 
writers stick to tradition and call a character “irreducible” when its 
representation space is simple, but we prefer one term for one concept.) 
G has precisely s simple characters x1 ,..., xs , and they form a k-base for 
the vector space Q(G). In other words, if x E Q(G), there are s unique 
complex numbers c1 ,..., c, such that x = C& cixi . Clearly, x is a proper 
character if and only if all the Q’S are non-negative integers. “Integer” 
always means rational integer, and the ring of the rational integers is 
denoted by Z. If ci E Z for i = l,..., s but may be negative, x is called a 
generalized character of G [l, p. 2721. The simple character whose value 
is 1 for all cr E G is called the trivial character of G and is denoted by 1, . 
We always enumerate the simple characters x1 ,..., xs of G in such a way 
thatxl = lc. 
To each permutation representation (G, X) of G is associated the linear 
representation of G whose vector space has the set Xas base, and where the 
action of G on X is extended by linearity to all of the vector space. The 
character of this linear representation is called the permutation character 
or, simply, the character of (G, X). Clearly, permutation characters are 
always proper. If F(cr) denotes the set of points of X left fixed by u E G, 
the character of (G, X) is the class function u --t ) F(g)I. If a permutation 
representation is transitive, its character is often called a transitice permu- 
tation character. 
In case the permutation representation (G, X) is faithful, the polynomial 
P(G, X; 1 G.) is the usual cycle index of combinatorial mathematics (see [2]). 
The polynomials P(G, X; x) for arbitrary x can be traced back to 
Frobenius. Connections between the paper by Foulkes [4] and our paper 
are pointed out in Section 3. 
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We now discuss the main results of our paper. We prove in Theorem 1.1 
that, if x is a generalized character of G, P(G, X, x) E Q[x, ,..., xnz] where 
Q is the field of the rational numbers. We then introduce the integral 
polynomials Di = &jxj, where i 3 1 is any natural number; for 
instance, D1 = x1 , D, = x1 + 2x, + 4x,, D,, = xl + 2x2 + 3x, + 
4x, + 6x, + 1% , etc. For any class function x of G we use the notation 
NG, X; x) = FYG, X; x)L~-)D< ,
which is clearly a polynomial of k[x, ,..., x,,]. Let now x be a generalized 
character. It is then immediate from Theorem 1.1, mentioned above, 
that N(G, X; x) E Q[xl ,..., x,], and we prove in Theorem 4.1 that 
N(G, X, x) is a numerical polynomial. This means that, if arbitrary integers 
are substituted for the variables in N(G, X; x), the value of this polynomial 
is always an integer. This is so, even though the coefficients of N(G, X; x) 
are not integers, except in the most trivial cases. The fact that N(G, X; lG) 
is numerical was proved in [8]. 
In Section 5, we apply the above results to P6lya’s and de Bruijn’s 
theory of the induced representation (G, Y”>, where YX denotes the set of 
functions from X into some finite, non-empty set Y [3]; the action of 
(T E G on f E Yx is given byf”(x) = f(u-lx) for x E X. We follow de Bruijn 
and choose a fixed permutation h of the set Y. For u E G, we denote by 
F(X, U) the subset of Yx which consists of the functions left fixed by the 
pair (A, 0); i.e., f~F(‘(h, U) means that hf(a-lx) =f(x) for all x E X. It 
is immediate from de Bruijn’s work that CJ + j F(A, CJ)/ is a class function 
of G, and we denote this class function by j F(h, *)I : G -+ k. We prove in 
Theorem 5.1 that j F(F(h, *)I is a generalized character of G, i.e., that 
I F@, *>I = ~1x1 + *.. + z,x, , where zi E 2. Since x1 = lG , the ortho- 
gonality relations for the simple characters of G [7, p. 4651 show that 
This non-negative integer z, has been interpreted by de Bruijn as the 
number of orbits of the permutation representation (G, E,), where E,, 
is an appropriate, G-invariant subset of YX [3]; EA may be empty and, in 
that case, z1 = 0. We show by examples that I F(h, *)I is not necessarily 
a proper character, i.e., some of the integers z2 ,..., z, may be negative. 
If h is the identity permutation 1 y of Y, E,, = YX, and 1 F(l y , *)I is clearly 
the permutation character of the permutation representation (G, YX). 
Hence, 1 F(l y , *)I is a proper character and, in this case, zi 3 0 for 
i = l,..., s. We do not know the combinatorial meaning of the integers 
‘3 ,..-, z.7 . 
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Finally, we show in Section 6 how the above technique, together with 
a lemma of Foulkes, easily gives the powerful theorem by Frobenius 
which states [5]: Every simple character of the symmetric group S, is an 
integral linear combination of transitive permutation characters of&, . 
1. RATIONALITY OF P(G, X;x) 
We denote by (u) the cyclic subgroup of G, generated by an element 
u E G. The following definition occurs in [9]: 
DEFINITION 1.1. A subset T of G is called closed if, for every u E T, the 
generators of (a) also belong to T. 
It is convenient to consider the empty subset of G as closed. If X is a 
class function of G and Tis an arbitrary subset of G, we denote the complex 
number CoETx(u) by x(T). If T = u’, x(T) = 0. 
PROPOSITION 1.1. If T is a closed subset of G and x is a generalized 
character of G, x(T) E Z. 
Proof. We assume that T # 0, and consider the partitioning 
T=T,v ... u T, of T by the equivalence relation: cr - r if (0) = (T). 
Since T is closed, each Ti consists of all the generators of a cyclic subgroup 
Ci of G. In order to show that x(TJ E Z for i = I ,,.., u, we observe that 
the restriction of X to Ci is a generalized character of Ci , and hence all 
we have to show is: If C is a cyclic group, and T is the set of generators 
of C, and x is a generalized character of C, then x(T) E Z. We may clearly 
assume that X is a simple character of C. 
If 1 C 1 = a, the simple character x is a group homomorphism 
x : c - (1, 5, P,..., la-l}, where c is a primitive a-th root of unity. We 
put C = (p), and hence J&J”) = cbi for some fixed 0 < b < a - 1. 
Furthermore, x(T) = C jbi, where the summation is over all 1 < i < a - I, 
which are relatively prime to a. Since this sum is left fixed under the action 
of the Galois group of the cyclotomic field Q(c)/Q, x(T) E Q. It is obvious 
that x(T) is an algebraic integer and hence x(T) E 2. Done. 
We now turn to the permutation representation (G, X) and the poly- 
nomial P(G, X; x) of the Introduction. 
THEOREM 1.1. If x is a generalized character qf G, the polynomial 
I G I P(G, X x) E Zb, ,..., xJ. Consequently, P(G, X; x) E Q[xl ,..., xm]. 
Proof. 1 G 1 P(G, X; X) = Cost ~(0) M(a). The coefficient zbl ,.. ,, bm 
NUMERICAL POLYNOMIALS FOR CHARACTERS 149 
of the monomial x3 ... x, bm in this polynomial is the sum x(T), where the 
set T consists of those g E G whose type is (b, ,..., b,). It is clear that T 
is closed, and hence zb l,...,bm E 2 by Proposition 1.1. Done. 
2. MEASURES FOR PERMUTATION REPRESENTATIONS 
Let A be a commutative ring which contains k and has the same unit 
element as k. We mean by a measure for the permutation representation 
(G, X) a function p : X---f A which is constant on the orbits of (G, X); 
i.e., I = p(x) for u E G and x E X. If EC X, the measure p(E) of E 
is defined by p(E) = CzaE p(x); by convention, p(m) = 0. Class functions 
x : G -+ k are precisely the measures for the permutation representation 
(G, G), where G acts on G by inner automorphisms and A = k. Our 
notation x(T) of the previous section is a special case of the above p(E). 
The vector space Q(G) of the class functions of G (see the Introduction) 
admits the symmetric bilinear form 
<x x’) = p& 2 XC”> x’(“-‘h 
where x, x’ E Q(G). The resulting orthogonal geometry of Q(G) has the 
simple characters x1 ,. .., xS as an orthonormal base [7, p. 4651. Conse- 
quently, if x E Q(G) and x = xi=, cixf , then ci = (x, xi> for i = I,..., s. 
It follows that x is a generalized character of G if and only if (X, xi) E 2, 
and that X is a proper character if and only if (x, xi) is a non-negative 
integer for i = l,..., s. We refer to the complex number (X, x’) as the 
inner product of X and x’, and write ((G, X), x) or (X, (G, X)) for the 
inner product of x and the character of the permutation representation 
(G, X); we use this notation for all permutation characters. In particular, 
if F(u) denotes the set of points of X left fixed by u E G, 
which, by Burnside’s Lemma, is the number of orbits of (G, X). (Burnside’s 
Lemma is Lemma 5.1 on page 150 of [2].) 
We choose a fixed measure p : X -+ A for the permutation represen- 
tation (G, X). We denote the orbits of (G, X) by O1 ,..., 0, and choose a 
representative xj E Oj for j = l,..., U. The u permutation representations 
(G, OJ are of course transitive, and the inner products ((G, O,), x) have 
been defined above for all class functions x. Finally, the set of points of X 
left fixed by u E G is denoted by F(u); if F’(u) = o , p@(u)) = 0. 
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THEOREM 2.1. If x is a class function of G, 
Proof. We consider the subset R = {(CT, x) 1 CT E G, x E X, CTX = x} of 
the Cartesian product G x X. For each x E X, (0 / (T E G, (a, x) E R) is the 
usual stabilizer G(x) of x; that is, G(x) is the subgroup of G whose elements 
leave the point x hxed. For each 0 E G, {x 1 x E X, (a, x) E R} is the set of 
fixed points F(o) of 0. It is hence strictly a set-theoretic triviality that 
oz x(4 P@‘(U)) = z;x A4 x(G(xN, 
since both sums are equal to C(D,O)ER x(u) p(x). (We would like to refer 
to the underlying set-theoretic triviality as the Fubinito theorem, but do 
not quite dare to because of [6, p. 781.) 
Since X = 0, U ... u 0, is a partitioning of X and TV is constant on 
each Oi , 
zx P”(X) x(G(xN = i tz;, x(c(n))) PC+ 
3 
If x, y E Oi , the groups G(x) and G(y) are conjugate in G and hence, 
since x is a class function, x(G(x)) = x(G(y)). It follows that 
z;, x(G(x)) = IOi Ix(G(xJ) = &$ x(G(xj>>, 3 
and hence that 
There remains to compute the complex number 
The restriction res(x) of x to G(xJ is a class function of G(xJ, and the last 
sum is the inner product ( lc(+ , res(x)) of the trivial character lc(z:j) of 
G(xJ and res()o as class functions of G(xJ. The Frobenius reciprocity 
theorem [7, p. 4691 states that 
<lccsj) , res(xD = <(G Od, x> 
and we are done. 
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3. THE POWER SUBSTITUTION 
We consider the ring homomorphism pn : k[x, ,..., xm] + k[y, ,..., y,], 
where y, ,..., yn are y1 new variables and where p,(q) = yli + ..* + yni 
for i = I,..., m; the integer m = I X I is fixed, but n may be any positive 
integer 1, 2,... etc. We refer to pn as the “power substitution” and observe 
that pn maps k[x, ,..., x,,] into the subring of k[y, ,..., yn], which consists 
of the symmetric polynomials. 
We return to our permutation representation (G, X) and choose a class 
function x of G. The polynomial 
PMG, X; x)) = & O;G x(o) p,W(o)) 
is a form of degree m (form means “homogeneous polynomial”); for, if 
(b, ,..., b,) is the type of CT, then 6, + 2b, + ... + mb, = m and hence 
pn(M(o)) is a form of degree m. We conclude: 
PROPOSITION 3.1. For each class function x of G, p,,(P(G, X; x)) is a 
symmetric form of degree m of k[y, ,..,, yJ. 
In order to study the coefficients of the form pn (P(G, X; X)), we consider 
the set of functions Yx from X into the set of integers Y = (1, 2,..., n}. 
To each f E Y*, we associate its “index” (ci ,..., c,) where ci = If-‘(i)1 
for i = l,..., n; clearly, the q’s are non-negative integers and 
Cl + ... + c, = m. The subset of Yx, which consists of the functions with 
fixed index (cl ,..., c,J, is denoted by lC,,...,C,. It is clear that the sets 
I e,,....c, form a partitioning of Yx. 
The sets A,,...,c, are G-invariant subsets for the permutation represen- 
tation (G. Yx) (see the Introduction for (G, Yq). Namely, if u E G and 
f E Yx, then (f”)-‘(i) = (fg-l)-‘(i) = uf-l(i) and hence j(f”)-l(i)] = 
If-‘(i)], which shows thatf andfU have the same index. However, ZC,,...,C, 
is in general not an orbit of (G, Yx), i.e., the permutation representation 
(G, ICl,...,,J is in general not transitive. For every class function x of G, 
the inner product ((G, I, ,,>, x> has been defined in Section 2. The 
following theorem interpkis’the coefficients of the form pn(P(G, X, x)): 
THEOREM 3.1. If x is a class function of G, 
p,(P(G, x; x)) = c ((G, I+..,,,,), x> YE’ *** Y:> 
where the summation is over all non-negative integers cl ,..., c, such that 
cl + ... + c, = m. 
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Proof. We give the permutation representation (G, Y”) the measure 
p : YX -+ k[y, )...) yJ, defined by: If f E YX has index (cl ,..., cn), then 
p(f) = y? ... y>. This is a measure for (G, Y”), since f and f” have the 
same index for u E G. We observe that this measure p is induced by the 
measure p’(i) = yi for the set Y, in the sense that r-c(j) = nzeX p’(f(x)). 
For each (5 E G, we have the monomial M(a) of 0 relative to the permu- 
tation representation (G, X), and the set F(a) = {f 1 f E YX,p = f} of 
functions left fixed by u in the permutation representation (G, Y”). Since 
the measure TV is induced by the measure p’, formula (5.18) on page 158 
of [2] states precisely that &F(a)) = ~%(M(o)). We conclude that 
P#‘(G> Xi x)1 = & o.. x(4 P(F(u)) 
which, according to Theorem 2.1, is equal to 
here, 0, ,..,, 0, are the orbits of (G, YX) andh E Oj forj = l,..., u. 
Each set 4,,....c, is a union of orbits Oj and, for each such orbit, 
l4.h) = UP ... y$. Hence, if we putp,(P(G, X; x)) = C ae, ,..., 6, yp ... y?, 
where the summation is over all non-negative integers c1 ,..., c, such 
that c1 + *.. + c, = m, the coefficients aCl,...,Cn can be computed as 
follows: acl.....cn = C ((G, Oil, x>, where the summation is over all 
orbits Oj C I, Since the inner product (*, x) for fixed x is linear in 
the first vari&ie:“i; is obvious that C ((G, 0,), x) = ((G, lcl,..,,Gn), x). 
Done. 
If we choose for x a simple character of G, ((G, I+ ,..,,,), x) is a non- 
negative integer, since the permutation character of (G, IG1, ..,c,) is proper 
(Section 2). The following theorem is hence an immediate corollary of 
Theorem 3.1: 
THEOREM 3.2. If  x is a generalized character of G, p,(P(G, X; x>> E 
Z[Y, 2.e.3 yJ. rfx is aproper character of G, the coeficients ofp,(P(G, X; x)) 
are non-negative integers. 
If we choose for x the trivial character lG of G, ((G, Ic,....,& lc) is the 
number of orbits of the permutation representation (G, I+ ...,c,) (Section 2). 
We conclude from Theorem 3. I : 
THEOREM 3.3. p,(P(G, X; lG)) = C z,~,.. ,,e, yp ... y?,“, where zC1 ,..., e, is 
the number of orbits of (G, IC,,...,C,). The summation is over all non-negative 
integers cl ,.... c, such that cl + ... + c, = m. 
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We see from Theorem 3.3 that the sum of the coefficients z,~,...,~~ of 
the form I)~(P(G, X; 1 G)) is the number of orbits of (G, YX). Furthermore, 
pn(P(G, X; lG)) is the number of orbits of (G, Y*) if each orbit which is 
contained in IC,,..,,C, is counted j, ~1 ... +v$ times. Hence, in the case that 
(G, X) is faithful, Theorem 3.3 becomes Polya’s Theorem [2, p. 157, 
Theorem 5.13. 
We denote the symmetric group which consists of all the permutations 
of the set A’ by S, , and the permutation representation which consists 
of the natural action of S,y on X by (S, , X). The sets ZC,,...,C, are clearly 
the orbits of the induced representation (S,r , Y”). Hence, if x1 stands for 
the trivial character of SX , we obtain from Theorem 3.3: 
THEOREM 3.4. y,(P(Sx , X; xl)‘) = C yp ..’ y$, where the summation 
is over all non-negative integers cl ,..., c, such that cl + 1.. + c, = m. 
The last theorem will be used in Section 6 to prove the theorem by 
Frobenius, mentioned at the end of the Introduction. 
The symmetric functions which Foulkes discusses in [4] are the above 
forms p,(P(G, X, x)). While Foulkes is interested in the compositon of 
these functions, we are interested in their coefficients. 
4. NUMERICAL POLYNOMIALS 
In order to derive a condition which assures that certain polynomials 
are numerical (see the Introduction for numerical polynomials), we discuss 
the interrelation between the type and the “roots” of a permutation. 
Let Y be a non-empty set with n elements, and h a permutation of Y. 
The permutation matrix which describes h has the characteristic poly- 
nomial an + slu”-i + ... + s, , where si E 2 for i = l,..., n. We call this 
polynomial also the characteristic polynomial of the permutation A, and 
we refer to the n roots rl ,..., rn of this polynomial as the roots of the 
permutation A. The complex numbers r, ,..., rn may of course not be all 
distinct, but we write each root down as often as its multiplicity in the 
characteristic polynomial of A. It does not matter in what order the roots 
of h are written down, since they will be substituted only in symmetric 
polynomials. 
We denote the type of X by (zl ,..., zn). The interrelation between the 
non-negative integers z1 ,..., z, and the complex numbers rl ,..., r, is 
given by: 
LEMMA 4.1. Cyzl rji = Cjli jz,for i > 1. 
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Prooj It is well known (and easy to prove) that both sums are equal 
to the number of points of Y left fixed by the permutation hi. Done. 
We consider the polynomial ring Q[xl ,..., x,,] for fixed m, and the 
power substitution pn : Q[xr ,..., x,] + Q[yr ,..., yn] for variable n. We 
also consider the ring endomorphism D : Q[x, ,..., x,,,] --f Q[xl ,..., x,], 
defined by D(q) = Di , where Di = &i.jxj is the integral polynomial 
discussed in the Introduction. Certain polynomials of Q[x, ,..., x,,] 
become numerical under the endomorphism D, and Lemma 4.2 gives a 
sufficient, but not necessary, condition for this to happen. 
LEMMA 4.2. If  a polynomial h E Q[x, ,..., x,] is such that 
Pm E -3Yl ,...> Ynl foralln > 1, 
then D(h) is numerical. 
Proof. Every q E Q[x, ,..., x,,] can be written as v = (l/r)$, where t 
is a positive integer and $ E Z[x, ,..., x,]. Then, y is numerical if and only 
if +(zl ,..., z,~) = O(mod t) for all integers z1 ,..., z, . This congruence has 
to be checked only for 1 < z1 ,..., z,, < t, since the integers l,..., t 
represent a full residue class system modulo t. We conclude that, if 
V’(Zl ,*-.3 z,) E Z for all positive integers z1 ,..., z,, , 9 is already numerical. 
Applying the above to D(h), we choose positive integers z1 ,..., z, and 
show that (D(h))(z, ,..., z,,,) E Z. We put z1 + 22, + ‘** + mz,, = n and 
select a set Y with n elements. We choose also a permutation h of Y of 
type (zl ,..., z, , O,..., 0) with n - nz zeros; this can be done since 
z, + 22, + ... + mz,, = n. If rl ,..., r, are the roots of h, it follows 
immediately from Lemma 4.1 that (D(h)(z, ,..., z,) = (p,,(h))(r, ,..., r,). 
Sincep,(h) is a symmetric polynomial of Z[y, ,..., y,J, pn(h) E Z[e, ,..., e,], 
where e, ,..., e, are the elementary symmetric functions in y1 ,..., y, 
[IO, p. 781. The values ei(rl ,..., r,) are the n coefficients of the characteristic 
polynomial of h, and hence are integers. This shows that 
Done. 
hMWl ,..., r,) E Z. 
The polynomial h = $(x1 + x2) E Q[x, , x,] shows that the condition 
of Lemma 4.2 is not necessary in order that D(h) be numerical. Namely, 
D(h) = 4(x1 + xl + 2x,) = x1 + x2 , which is trivially numerical since 
its coefficients are integers. However, 
p,(h) = 3h + *** + yn + y12 + *** + yn2>, 
which does not belong to Z[y, ,..., yn] for even one n. 
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We now return to our permutation representation (G, X). If x is a class 
function of G, the polynomial D(P(G, X; x)) is denoted by iV(G, X; x) 
(see the Introduction). 
THEOREM 4.1. If x is a generalized character of G, 
NG, X: x> E Qk 3..., xml 
and is numerical. 
Proof. N(G, X;x) E Q[xl ,..., x,] follows from Theorem 1.1. The fact that 
N(G, X, x) is numerical follows from Theorem 3.2 and Lemma 4.2. Done. 
An application of Theorem 4.1 to de Bruijn’s theory will be given in the 
next section. 
5. THE CHARACTER j F(h, *)I 
As explained in the Introduction, the permutation representation (G, X) 
induces the permutation representation (G, Y”), where Y is a finite set 
with n 3 1 elements. We choose a fixed permutation h of Y and denote 
its type by (zl ,..., z,). A s in the Introduction, F(X, CJ) stands for the subset 
of YX left fixed by the pair (;\, 0). We study the function 1 E;(h, *)I : G + k, 
where arbitrary elements of G may be substituted for the star. 
For each u E G, M(a) denotes again the monomial of u relative to the 
permutation representation (G, X), and D : Q[xl ,..., xm] -+ Q[x, ,..., x,] 
the endomorphism of the previous section. De Bruijn’s formula (5.37) on 
page 172 of [2] states that I F(h, a)1 = (D(M(a)))(z, ,..., z,), where it is 
understood that zi = 0 for i > n. This fomula shows immediately that 
/ F(h, CT)/ depends only on the class of conjugate elements of G to which 
u belongs, i.e., that I F(A, *)I : G -+ k is a class function. 
THEOREM 5.1. The class function 1 F(A, *)I is a generalized character 
of G. 
Proof. We have to show that the inner product (x, / F(X, *)I) E Z for 
each simple character x of G (Section 2). Since M(u) = M(u-l) and hence 
I F(h, u)i = j F(h, u-l)I, the inner product 
De Bruijn’s formula for 1 F(X, a)1 now shows that 
<x, I Wv *)I> = (NG X; xNh ,..., 4, 
which is an integer by Theorem 4.1. Done. 
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Remark 5.1. The above proof shows that de Bruijn’s formula gives 
a good interpretation of the polynomials N(G, X; x). Namely, if x is any 
class function of G whatsoever and q ,..., z, are non-negative integers not 
all zero, then (N(G, X; x))(zl ,..., z,) = (x, / F(h, x)1), where X is a 
permutation of type (zl ,..., z,,,) of a set with z1 + 22, + ... + mz,,, 
elements. 
The following examples show that 1 F(h, *)I is not necessarily a proper 
character of G. 
We choose X = G and choose for the permutation representation 
(G, G) the regular representation; hence, if u, x E G, (JX is the product in G. 
We select for Y a set with j G 1 elements and for X a permutation of Y of 
type (0 ,..., 0, 1); i.e., h has just one cycle, necessarily of length / G I. 
If u E G, its monomial M(a) = xi, where s is the order of u and 
t = 1 G 1 f order(g). De Bruijn’s formula for 1 F(h, o)I now gives imme- 
diately: ( F(X, o)l = 0 f i CT is not a generator of G, and / F(X, ~)j = 1 G ) if 
o is a generator of G. This shows that j F(h, *)I is the zero function if G 
is not a cyclic group. If G is a cyclic group, IF@, *)I isprecisely the character 
used by Serre in his proof of Brauer’s theorem. (See [7, p. 476; 1 F(X, *)I is 
the function 0, of that reference.) 
Suppose now that G is a cyclic group of prime order p. Then, 
[ F((h, I)] = 0 and / F(h, cr)[ = p if 0 # 1. We denote the character of the 
permutation representation (G, G) by rG , since it is the “regular character 
of G” : ro(l) = p and ro(o) = 0 for (T f 1. We see immediately that 
I F@, *)I = PIG - YG. Since G has precisely p simple characters 
xd=L-), x2 ,*.-> x,andr, =xl+-..+xl,, 
Iwk*)I =(P--1)x1-x2--~.-xxz,* 
This shows that I F(X, *)I is not proper. 
6. CHARACTERS OF THE SYMMETRIC GROUP 
In order to prove the theorem of Frobenius, stated in the Introduction, 
we consider again the permutation representation (G, X) and the two 
k-linear functions 
P(GsX’*) Q(G) - k[xx, ,..., x,] -% k[y, ,..., y,J. 
The function P(G, X; *) maps the class function x of G on the polynomial 
P(G, X; x), where m = [ X j ; pn is again the power substitution for n > 1. 
In general, neither function is a monomorphism. 
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We denote the symmetric group which consists of the permutations 
of X again by S, , and the permutation representation which consists 
of the natural action of S, on X by (S, , X). 
PROPOSITION 6.1. P(S, , X; *) : L?(S,) -+ k[x, ,..., xJ is a monomor- 
phism. 
Proof. Select x E Q(S,) where x # 0; say x(u) # 0 for u ES, . The 
polynomial P(S, , X; x) contains the term 
where K, is the class of conjugate elements of S, to which u belongs. If 
p E Sx and p $ Kc, then M(p) # M(u), since permutations which are not 
conjugate in S, have different types. (This is false for arbitrary permutation 
representations.) We conclude that the term (l/m !)I K, / x(u) M(u) does 
not cancel against any other term of the polynomial P(S, , X; x), and 
hence that this polynomial is not zero. Done. 
For an arbitrary group G, we denote the (additive) Abelian subgroup 
of Q(G) which consists of the generalized characters of G by fin,(G). If 
x E Q=(G) and (G, X) is again our permutation representation, 
pn(P(G, 1; x)) is an integral, symmetric form of degree m (“integral” 
means that all the coefficients are integers); see Proposition 3.1 and 
Theorem 3.2. We denote the (additive) Abelian subgroup of k[y, ,..., yn], 
which consists of the integral, symmetric forms of degree m by W, ; 
we suppress the m, since 1y1 is fixed. The composite function 
nn = pll(P(G, X; *)) : Q,(G) -+ W, is clearly a group homomorphism, 
We now return to the permutation representation (S, , X) of Propo- 
sition 6.1 and choose n = m: 
THEOREM 6.1. rrV2 : Qz(SX) -+ W, is an isomorphism from Q,(S,) 
onto W,, . There are transitive permutation characters of S, which are 
mapped by z-vi on a Z-base of W,, . These characters hence form a Z-base 
of -Qz(Sx). 
Proof. P(S, , X; *) is a mono by Proposition 6.1. It is classic that 
pnr : k[x; ,..., x,J + k[ y, ,..., ym] is a mono, and hence 7rm is a mono. We 
will be done as soon as we have proved the second sentence of Theorem 6.1. 
Hereto, let X = X, u ... u X, be a partitioning of X with stabilizer H. 
This means that H is the subgroup of S, which consists of the permutations 
of X which transform each of the sets XL onto itself. H is isomorphic to the 
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direct product L, x ... x L, , where Li is the symmetric group which 
consists of the permutations of Xi . We conclude from Example 5.8 on 
page 149 of [2] that 
P(H, X; lH) = fi P(Li , Xi ; Ii) 6 ~1x1 ,...> &nl>, 
i=l 
where li stands for the trivial character of Li . It follows that 
P~U’W, X; 1~)) = fi ~m(p(Li , xi ; L)). 
i=l 
By Lemma 1 on page 273 of Foulkes’ paper [4], pm(P(H, X; lH)) = 
pm(P(Sx, X; 1 H*)), where 1 H* E Qz(SX) is the character of S, induced by the 
trivial character 1, of H. If S,/H denotes the set of the left cosets of H, 
it is well known that lH* is the character of the transitive permutation 
representation (S, , S,/H) of S, [I, p. 321, Excercise 11. We now turn 
to the right-hand side of the resulting equality 
rrm(lH*) = fi Pm(p(Li 9 xi ; I'))* 
i=l 
We recall from Theorem 3.4 that 
where the summation is over all non-negative integers c1 ,..., c, such that 
Cl + ... + c, = / Xi 1 . It is classic that the polynomials 
one for each class of partitionings of the same type of X, form a Z-base 
of W,,, . Hence the polynomials n,( I,*), one for each class of partitionings 
of the same type of X, form a Z-base of W,,& . Done. 
The above proof shows that the characters of the transitive permutation 
representations (S, , S,/H), one for each class of partitionings of the same 
type of X, form a Z-base of Q=(S,). Since the simple characters of S, 
belong to Q=(S,), the theorem of Frobenius is proved. 
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